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it is reduced to atom–atom interaction. The wave function is cal-
culated using the evolution operator and hence we have managed
to obtain the expectation value of some dynamical operators. Dur-
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1. Introduction
The problem of the interaction is regarded as one of the fundamental problems in the field of
quantum optics. It is well known that there are three different kinds of the interaction; one of them
is the field–field interaction [1–5] and another is the atom–field interaction [6–12], while the third
type is the atom–atom interaction [13–18]. In fact each one of these types, describes certain kinds
of the phenomena, however it is possible to transfer one to another, for more details one can see,
Refs. [19,20]. In this context we may mention the following physical systems; collective spontaneous
emission from an ensemble of N two-level in the single-photon Dicke super radiance [21]. A quantum
model based on quasiparticles is used to describe electron–ion interaction in a non-ideal plasma.
The quasiparticles interact with a quantized field through the frequency converter type with a Kerr-
like term to describe the interaction between the quasiparticles. This model has been used to show
the variation line profile with the density in a weakly non-ideal plasma [22]. The interaction of two
solutions with absorbing three-level atom has been treated to investigate the existence solitary wave
pair [23]. The autocorrelation function is derived for the field emitted by a Rydberg atom in a cavity
weakly excited in the strong coupling regime in the resonance case [24]. Furthermore the atoms–field
interaction aswell as the atoms–atoms interaction attractedmuch attention in this field. This is due to
the appearance of the fields of quantum teleportation, quantum cryptography, quantum computing
and quantum information which have been built up on the concept of the entanglement [25–27].
Doubtless quantum entanglement represents one of the corner stones of the theory of quantum
mechanics and is of fundamental interest in modern physics. Several Hamiltonian models have been
introduced in the literature to discuss the phenomena which appeared as a result of the interaction
between the atoms and the fields as well as between the atoms and atoms. One of these models
is Jaynes–Cummings model (JCM) which represents the interaction between a two-level atom and
an electromagnetic field within a cavity. Also we can see Tavis–Cummings model (TCM) which
generalizes JCM to deal with many two-level atoms. The Hamiltonian which describes such a model
is given by
Hˆ
}
= ωaˆĎaˆ+ ω0
2
Jˆz + λ

aˆJˆ+ + aˆĎ Jˆ−

, (1)
where aˆĎ and aˆ are the creation and annihilation operators of the field mode that satisfy the relation
aˆ, aˆĎ
 = 1. ω and ω0 are the field and the atomic frequencies, respectively, while Jˆ± and Jˆz are the
collective angular momentum operators which satisfy the commutation relations
Jˆ±, Jˆz

= ∓Jˆ±

Jˆ−, Jˆ+

= −2Jˆz . (2)
On the other hand the coherent control of a two-electron spin state in a coupled quantum dot was
achieved experimentally, in which the coupling mechanism is the Heisenberg exchange interaction
between the electron spins [28–31]. In this context one can find the proposals for an experimental
scheme to create, detect and control entangled spin states in coupled quantum dots as introduced
in Ref. [32]. In the solid state systems there is a special interest where an integrated network can
perform quantum computing algorithms at a large scale. For instance the semi conductor quantum
dot is considered as one of the most promising candidates to play the role of a qubit, see for example
Refs. [33–37].
The main idea is to use the spin S of the valence electron on a single quantum dot as a two-state
quantum system which gives rise to a well-defined qubit. As a result of this interest many efforts
have been devoted to investigate the interacting Heisenberg spin chain as it represents a very reliable
model for constructing quantum computing schemes in different solid state systems, as well as for
being a very rich model for studying the novel physics of localized spin systems [36–40]. The most
familiar model which can be used to describe such cases, is given by
Hˆ(t) =
2
j=1
Bj(t)Sˆ(j)z +

i=x,y,z
AiSˆ
(1)
i Sˆ
(2)
i (3)
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where Sˆ(j)z = 12 σˆi, (i = x, y, z and j = 1, 2) are the spin 12 -operators and σˆi are the usual Pauli
operators.Ai are the strengths of the Heisenberg interactions in the x, y and z directions, respectively,
while Bj(t) are the external time-dependent magnetic fields. In fact this Hamiltonian describes
two coupled qubits through anisotropic Heisenberg XYZ interaction in a nonuniform magnetic field
in the z-direction. Recently many efforts can be seen to find the exact time-dependent dynamical
operators, which would enable us to discuss many phenomena may occur as a result of such kind of
the interaction. However, it is due to the nonlinearity as well as the explicit time-dependence of the
system that it is very hard to get such kind of solution.
In the present communication we modify the above Hamiltonian to include the N-level atom.
Furthermore we restrict our treatment for the case in which the coupling parameters are constants.
In this case we can write the Hamiltonian in the form
Hˆ
}
= ησˆz + µJˆz + λ1

σˆ− − σˆ+
 
Jˆ+ − Jˆ−

+ λ2

Jˆ+ + Jˆ−

+ λ3

σˆ− + σˆ+

(4)
where λi, i = 1, 2, 3 are three different coupling parameters, while σˆ± and σˆz are the two-level atom
Pauli operators that satisfy the relation

σˆ+, σˆ−
 = σˆz, σˆz, σˆ± = ±2σˆ±, (5)
while the operators J± and Jz are the N-level atom operators which obey the relations
Jˆ±, Jˆz

= ∓Jˆ±,

Jˆ−, Jˆ+

= −2Jˆz . (6)
As one sees the above Hamiltonian represents the interaction between pair of atoms; the first
one is a two-level and the second is an N-level atom under the effect of two different external
electromagnetic fields.
By making comparison between Eqs. (3) and (4), it is noted that the first two terms in (4) are the
sameas the first in (3),while the second termof Eq. (3) canbeproduced from the second termof Eq. (4).
The last two terms in (4) are regarded as external electromagnetic fields (as previouslymentioned). In
what followswe shall find the time-dependent dynamical operators fromwhichwe are able to discuss
some statistical properties. For this reason we devote the next two sections to do so. In Section 4 we
consider the atomic population, while in Section 5 we discuss the degree of entanglement through
the linear entropy which is followed by the variance and the entropy squeezing in Sections 6 and 7,
respectively. Our conclusion is given in Section 8.
2. The wave function
In order to discuss the dynamics of the system we have to find the solution of the Heisenberg
equations of motion or to obtain the wave function using the Schrödinger picture. Alternatively one
may use the evolution operator to reach the same goal. In the present paper we employ the evolution
operator to find the wave function. However, it is due to the complications of the system, it is unlikely
to reach this aim. Therefore, we introduce the following transformation:
Jˆ−Jˆ+
Jˆz
 =

cos2 α − sin2 α 1
2
sin 2α
− sin2 α cos2 α 1
2
sin 2α
− sin 2α − sin 2α cos 2α

Rˆ−Rˆ+
Rˆz
 , (7)
where α = 12 tan−1 (λ2/µ) and Rˆ±,z satisfy the relations
Rˆz, Rˆ±

= ±Rˆ±,

Rˆ−, Rˆ+

= −2Rˆz . (8)
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Furthermore, we introduce the transformation
σˆ−σˆ+
σˆz
 =

cos2 β − sin2 β 1
2
sin 2β
− sin2 β cos2 β 1
2
sin 2β
− sin 2β − sin 2β cos 2β

gˆ−
gˆ+
gˆz

, (9)
where β = 12 tan−1 (2λ3/η) and gˆ±,z have the same properties of σˆ±,z . Now if we substitute the
transformations given by Eqs. (7) and (9) into the Hamiltonian (4), then we obtain
Hˆ
}
= η¯gˆz + µ¯Rˆz + λ1

gˆ−Rˆ+ + gˆ+Rˆ−

, (10)
where we have applied the rotating wave approximation (RWA) on the transformation operators and
defined the augmented frequencies
η¯ =

η2 + 4λ23, µ¯ =

µ2 + 4λ22. (11)
From the Heisenberg equations of motion we have
d
dt
gˆz = −iλ1

Rˆ−gˆ+ − gˆ−Rˆ+

,
d
dt
Rˆz = iλ1

Rˆ−gˆ+ − gˆ−Rˆ+

, (12)
from which we have
Mˆ = gˆz + Rˆz, (13)
which is a constant of motion. In this way we can write the Hamiltonian (10) in the form
Hˆ
}
= µ¯Mˆ + Cˆ (14)
and
Cˆ = ∆gˆz + λ1

gˆ−Rˆ+ + gˆ+Rˆ−

, ∆ = (η¯ − µ¯) (15)
where Cˆ is also a constant of motion. Since Mˆ and Cˆ are constants of motion then the commutation
relation [Mˆ, Cˆ] = 0 is always satisfied and consequently both of them commutewith the Hamiltonian
(14). Using this fact we can write the time-evolution operator as follows
Uˆ(t) = exp

− iHˆ
}
t

= exp(−iµ¯Mˆt) exp(−iCˆ t) =

Fˆ11(t) Fˆ12(t)
Fˆ21(t) Fˆ22(t)

, (16)
where we have used the abbreviations
Fˆ11(t) = exp

−iµ¯

Rˆz + 12

t

cos ηˆ1t − i∆2
sin ηˆ1t
ηˆ1

,
Fˆ12(t) = −iµ2 exp

−iµ¯

Rˆz + 12

t

sin ηˆ1t
ηˆ1
Rˆ−,
Fˆ21(t) = −iµ2 exp

−iµ¯

Rˆz − 12

t

sin ηˆ2t
ηˆ2
Rˆ+,
Fˆ22(t) = exp

−iµ¯

Rˆz − 12

t

cos ηˆ2t + i∆2
sin ηˆ2t
ηˆ2

(17)
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and defined
ηˆ21 = ∆2 + λ21Rˆ−Rˆ+, ηˆ21 = ∆2 + λ21Rˆ+Rˆ−. (18)
This in fact would help us to calculate the expectation values of the dynamical operators. Now
suppose we consider the single two-level atom is initially in the superposition state
|ϑ, ϕ⟩ = cos (ϑ) |e⟩ + eiϕ sin (ϑ) |g⟩, (19)
where ϑ and ϕ are the coherence and the relative phase angles respectively. The transformations (9)
introduce the new states |+⟩ and |−⟩ eigenstates of Sˆz such that
|+⟩ = cosβ|e⟩ + sinβ|g⟩, |−⟩ = cosβ|g⟩ − sinβ|e⟩. (20)
Therefore we can write |ϑ, ϕ⟩ in the form
|ϑ, ϕ⟩ = cosβ cosϑ + eiϕ sinβ sinϑ |+⟩ − sinβ cosϑ − eiϕ cosβ sinϑ |−⟩. (21)
Furthermore, we consider a coherent spin state as initial state for the other atoms [41],
|Θ,Φ⟩ =
r
m=−r
K rm(Θ,Φ)|m, , r⟩, (22)
where
K rm(Θ,Φ) =

C2rr+m exp[i(r −m)Φ] cosr+m

Θ
2

sinr−m

Θ
2

, (23)
while Cnm are the binomial coefficients. Note that the states |m, r⟩ are the eigenfunction of Rz and
satisfy
Rˆ+|m, r⟩ =

(r −m)(r +m+ 1)|m+ 1, r⟩,
Rˆ−|m, r⟩ =

(r −m+ 1)(r +m)|m− 1, r⟩,
Rˆz |m, r⟩ = m|m, r⟩. (24)
In what follows we use the evolution operator Uˆ(t) to calculate the wave function as well as the
expectation values of some variable. This is seen in the next section.
3. The expectation values
To reach our goal we devote the present section to calculate the expectation values for some
dynamical operators which can be used to discuss some statistical properties of the system. To do
so we use the above states and we define the initial state of the system in the form |Ψ (0)⟩ =
|ϑ, ϕ⟩ ⊗ |Θ,Φ⟩.
Now we are able to evaluate different moments of the involving operators in the present system.
To do so we first write the state |Ψ (t)⟩ at t > 0 in the form
|ψ(t)⟩ =

m
Rrm

Dˆ(t)|m, r,+⟩ − Tˆ (t)|m, r,−⟩

(25)
where
Dˆ(t) = c1Fˆ11 − s1Fˆ12, Tˆ (t) = s1Fˆ22 − c1Fˆ21, (26)
and
c1 = cosβ cos θ + eiφ¯ sinβ sin θ, s1 = sinβ cos θ − eiφ¯ cosβ sin θ. (27)
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Having obtained the wave function, therefore we are in a position to calculate the expectation
values of the operators σˆx; σˆy and σˆz : after some calculations we have the expressions
σˆz(t)
 = gˆz(t) cos 2β − gˆx(t) sin 2β
σˆx(t)
 = gˆx(t) cos 2β + gˆz(t) sin 2β
σˆy(t)
 = gˆy(t) (28)
where 
gˆz(t)
 = ⟨DˆĎ(t)Dˆ(t)⟩ − ⟨Tˆ Ď(t)Tˆ (t)⟩
gˆx(t)
 = −⟨DˆĎ(t)Tˆ (t)⟩ − ⟨Tˆ Ď(t)Dˆ(t)⟩
gˆy(t)
 = i ⟨Tˆ Ď(t)Dˆ(t)⟩ − ⟨DˆĎ(t)Tˆ (t)⟩ (29)
and we have defined
⟨DˆĎ(t)Dˆ(t)⟩ =
j
m=−j
|K jm(Θ,Φ)|2
|c1|2|F11(m, t)|2 + |s1|2|E2(m, t)|2
−
j−1
m=−j

K jm(Θ,Φ)
∗
K jm+1(Θ,Φ)c
∗
1 s1F
∗
11(m, t)E1(m, t)
−
j−1
m=−j

K jm+1(Θ,Φ)
∗
K jm(Θ,Φ)s
∗
1c1F11(m, t)E1(m, t) (30)
and
⟨Tˆ Ď(t)Tˆ (t)⟩ =
j
m=−j
|K jm(Θ,Φ)|2[|s1|2|F22(m, t)|2 + |c1|2|E1(m, t)|2]
+
j−1
m=−j

K jm+1(Θ,Φ)
∗
K jm(Θ,Φ)s
∗
1c1F11E1(m, t)
+
j−1
m=−j

K jm(Θ,Φ)
∗
K jm+1(Θ,Φ)c
∗
1 s1F
∗
11(m, t)E1(m, t), (31)
while
⟨DˆĎ(t)Tˆ (t)⟩ = exp(−iµ¯t)

j
m=−j
|K jm(Θ,Φ)|2c∗1 s1F∗11(m, t)F22(m, t)
+
j
m=−j+1

K jm(Θ,Φ)
∗
K jm−1(Θ,Φ)|c1|2F∗11(m, t)E2(m, t)
−
j−1
m=−j

K jm+1(Θ,Φ)
∗
K jm(Θ,Φ)|s1|2F22(m, t)E1(m, t)
−
j−2
m=−j

K jm+2(Θ,Φ)
∗
K jm(Θ,Φ)s
∗
1c1E1(m, t)E1(m+ 1, t)

(32)
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and its complex
⟨Tˆ Ď(t)Dˆ(t)⟩ = exp(iµ¯t)

j
m=−j
|K jm(Θ,Φ)|2s∗1c1F∗22(m, t)F11(m, t)
+
j
m=−j+1

K jm−1(Θ,Φ)
∗
K jm(Θ,Φ)|c1|2F11(m, t)E2(m, t)
−
j−1
m=−j

K jm(Θ,Φ)
∗
K jm+1(Θ,Φ)|s1|2F∗22(m, t)E1(m, t)
−
j−2
m=−j

K jm(Θ,Φ)
∗
K jm+1(Θ,Φ)c
∗
1 s1E1(m, t)E1(m+ 1, t)

. (33)
In the above equations we used the abbreviations
F11(m, t) =

cos η1t − i∆2
sin η1t
η1

, F22(m, t) =

cos η2t + i∆2
sin η2t
η2

E1(m, t) =

ν1(m) sin η1(m)t
µ1(m)

, E2(m, t) =

ν2(m) sin η2(m)t
η2(m)

ν1(m) =

(r −m) (r +m+ 1), ν2(m) =

(r +m) (r −m+ 1)
ηi(m) =

∆2
4
+ λ21ν2i (m), i = 1, 2. (34)
Using the above resultswe are able to discuss some statistical properties of the present system. This
is seen in the forthcoming sections where we start with the atomic inversion, so we can investigate
the effect of the external field on the present system.
4. Atomic inversion
We are now in a position to analyze the atomic dynamics, especially the time evolution of an
important quantity, namely the atomic population inversion. The behavior of the time evolution
of this quantity is used to discuss the collapses and revivals phenomenon, as a consequence of
quantum interference in phase space, which is originated in the discreteness nature of the photon
number distribution of the initial field [42]. It should be mentioned here that, the realization of
this phenomenon has been experimentally reported in the literature [43]. The atomic inversion
is introduced as the difference between the excited state and the ground state probabilities (28).
Therefore, in the present section we discuss the behavior of the atomic inversion for the model
which contains a two-level atom interacting with N-level atom system under the effect of an external
classical field.
In Fig. 1 we plot the evolution of the atomic population subject to the scaled time λ1t for different
values of the coupling parameters λ2 and λ3 and for fixed values of the parameters η = µ = 1,
while we consider the initial angles ϑ = Θ = π/3, ϕ = Φ = 0 for both the two level atom and
the N-level atom. In Fig. 1(a), we display the case in which the external classical field is zero such
that λ2 = λ3 = 0 (exact resonance case), in this case we can see that the atomic inversion oscillates
between certain minimum and maximum values around zero. A typical collapse and revival, as the
pure quantummechanical phenomenon, can be observed. In the meantime and after a certain period
of collapse the function ⟨σˆz(t)⟩ shows long period of revival which is followed by several short periods
of revivals. This behavior is seen for the considered periods of time, however there are no periods of
collapse that appeared during the same periods. When the parameter λ2 is taken into account and
adjust λ2/λ1 = 0.1 and λ3/λ1 = 0, (off resonance case, ∆ ≠ 0) there exists an enhancement
of the energy due to the existence of the second term in (28) which in not equal to zero. From this
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Fig. 1. The atomic population inversion against λ1t for fixed parameters ϑ = π/3, ϕ = 0 andΘ = π/3,Φ = 0, η = µ = 1.
(a) λ2 = λ3 = 0, (b) λ2/λ1 = 0.1 and λ3/λ1 = 0, (c) λ2/λ1 = 0 and λ3/λ1 = 0.1, (d) λ3/λ1 = 0.1 = λ2/λ1 .
point the collapses and the revivals regions are the same as the previous case, but the function ⟨σˆz(t)⟩
gradually oscillates around the horizontal axes. Also the behavior is observed in which the amplitude
of the oscillatory behavior after the onset of interaction is decreased and shifted up, while the collapse
region shows increase and attains positive values. The shifts from zero of the mean values of the
period of collapses and revivals with slow vibrations are observed during thewhole period of the time
considered, see Fig. 1(b). When the parameter λ3 is taken into account by setting λ3/λ1 = 0.1 while
λ2/λ1 = 0, which means that∆ ≠ 0 and consequently the second term in (28) is not equal to zero, in
this case the behavior of the function ⟨σz(t)⟩ is markedly changed. However, the symmetric behavior
in the first case is completely broken after the ratio λ3/λ1 is taken into account. Then by comparison
between Figs. 1(b) and 1(c) the effect of the parameter λ3 is more pronounced than the parameter
λ2. Finally we study the effect of both parameters, for instance when λ2/λ1 = 0.1 = λ3/λ1, in this
case the function decreases its amplitude while the fluctuations with the interference between the
patterns still persist. In the meantime the effect of the external classical field is pronounced through
the oscillatory behavior of the envelop, see Fig. 1(d).
5. Linear entropy
A simple and direct measure of the degree of entanglement between the subsystem is the linear
entropy which is useful quantity to understand the degree of decoherence (coherence loss) [44]. This
quantity, which can be regarded as the lowest-order approximation to the von Neumann entropy,
is a good criterion to understand the purity loss of the quantum system. This parameter, which is
measured by the linear entropy, has been introduced as [45]
P(t) = Tr[ρˆa(t)(1− ρˆa(t))], (35)
where ρˆa(t) is the atomic density operator. The above relation indicates that, the linear entropy is
zero for a pure state, i.e., ρˆa(t) = ρˆ2a (t). Consequently, the nonzero values of this indicator show the
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Fig. 2. The time evolution of the linear entropy changes as a function of the time λ1t , for fixed values of ϕ = 0,Θ = π3 ,Φ =
0, η = µ = 1. (a) λ2 = λ3 = 0, and ϑ = π3 , (b) as (a) but for λ2/λ1 = 0.1 and λ3/λ1 = 0, (c) λ2 = 0, λ3/λ1 = 0.1, while
ϑ = π6 (d) λ2/λ1 = 0.1, λ3/λ1 = 0.1 and ϑ = π6 .
impurity of the state of the system. Also, it may be noted that, maximal entanglement as well as the
most mixed state appears whenever the idempotent defect reaches a value of 1/2.
From Eq. (28) it is easy to show that the linear entropy for the atomic state takes the following form
P(t) = 1
2

1− (σ 2x (t)+ σ 2y (t)+ σ 2z (t)

. (36)
To analyze and discuss the linear entropy we use Eq. (36). However, due to the complicated
expression we have plotted Fig. 2 of the function P(t) against the scaled time λ1t , where we used the
same values of the involved parameters as in the atomic inversion. In Fig. 2we display the evolution of
the linear entropy for different values of the parameters λ2 and λ3. In the absence of both parameters
λ2 and λ3, we observe that the linear entropy in general satisfies the inequality 0 < P(t) < 0.5
and consequently the function almost approaches the pure state in the middle of the collapse period
showing weak entanglement. This means that the subsystems are almost nearly disentangled (at the
minimum values of P(t) or nearby the middle of the collapse regions in the atomic inversion, see
Fig. 1(a)). This is an emphasis on the fact that, at the beginning aswell as the end of the collapse region,
the function P(t) reaches a maximum value in which the system represented statistically correlated
or entangled state, while the system approaches almost pure state at mid of the collapse time, see
Fig. 2(a). On the other hand when we take the effect of the parameter λ2 into consideration, for
example λ2/λ1 = 0.1 while λ3 = 0, the linear entropy is strongly affected, in this case the minimum
value of the function P(t) increases while its maximum decreases, this in addition to more regular
fluctuations with some interference between patterns compared with the previous case, see Fig. 2(b).
This means that the system becomes in a mixture state and displays partial entanglement. It is also
noted that the degree of the mixture of the state is gradually reduced at the end of the considered
period. On the other hand a different behavior is noted when we change the atomic angle ϑ , for
instance we consider ϑ = π/6, in this case the function P(t) reaches maximum entanglement at
different points of the considered period of time, see Fig. 2(c). The effect of λ2 is seen in Fig. 2(d)
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where the function P(t) increases the time to reach the maximum entanglement, in addition to more
fluctuations with interference between the patterns is also observed. Note that in this case the effect
of the coupling parameter λ3 on the entanglement seems ineffective.
6. The variance squeezing
For any two observables Xˆ and Pˆ satisfying

Xˆ, Pˆ

= iIˆ , the Heisenberg uncertainty principle
is given by 1Xˆ .1Pˆ ≥ 12 , where 1Xˆ and 1Pˆ show the variance of the Hermitian operators Xˆ
and Pˆ which represent any two observables. In fact the variance used to define some quantum
mechanical effects such as quadrature squeezing of quantum fluctuations, is not the only measure
of quantum uncertainty. For instance, the entropy squeezingmay be preferred instead of the variance
squeezing [46]. Orłowski [47] has shown that, besides the fact that the entropic uncertainty relation
is stronger than the standard uncertainty relation, the entropy (of the single observable) as well as
the variance can be utilized as a measure of the squeezing of quantum fluctuations. In fact for any
quantum mechanical system with two physical observables represented by the Hermitian operators
Aˆ and Bˆ satisfying the commutation relation [Aˆ, Bˆ] = iCˆ , one can write the Heisenberg uncertainty
relation in the form
⟨(1Aˆ)2⟩⟨(1Bˆ)2⟩ ≥ 1
4
|⟨Cˆ⟩|2, (37)
where ⟨(1Aˆ)2⟩ = ⟨Aˆ2⟩ − ⟨Aˆ⟩2. Consequently, the uncertainty relation for a two-level atom
characterized by the Pauli operators σˆx, σˆy and σˆz , satisfying the commutation relation [σˆx, σˆy] = iσˆz
can also be written as 1σˆx.1σˆy ≥ 12 |⟨σˆz⟩|. Fluctuations in the component 1σˆα of the atomic dipole
are said to be squeezed if Sˆα satisfies the condition
V (σˆα) =

1σˆα −
 ⟨σˆz⟩2
 < 0, where1σˆα = ⟨σˆ 2α ⟩ − ⟨σˆα⟩2, α = x or y. (38)
In what follows we examine the temporal evolutions of the variances squeezing related to the
present system. We have plotted Fig. 3 for the variance squeezing using the same value of the
parameters as in Section 4. In Fig. 3(a) we examine the system in the absence of the external classical
fields where the parameters λ2 and λ3 are zero. In this case we can observe that the squeezing occurs
in the first quadratures V (σˆx) for a short period of time, but it is absent from the second quadratures
V (σˆy). However, when we take the parameters λ2/λ1 = 0.9 and λ3 = 0, we observe that the
squeezing occurs in both quadratures V (σˆx) and V (σˆy)with an exchange between them. Furthermore,
there is an increase in the number of fluctuations with a decrease in its minimum and consequently
an increase in the amount of squeezing, see Fig. 3(b). On the other hand when we consider λ2 = 0
and λ3/λ1 = 0.9, the squeezing amount is too small for a short period of time in both quadratures
V (σˆx) and V (σˆy), but it is pronounced in the second quadrature V (σˆy) (compared with V (σˆx)), see
Fig. 3(c). Finally we consider the case in which λ2 = λ3 = 0.9λ1, in this case the squeezing is seen in
both quadratures and as the time increases the squeezing decreases. For instance the squeezing is first
observed in V (σˆx) and consequently it starts to appear in the second quadrature V (σˆy), see Fig. 3(d).
Here it is interesting to compare between Figs. 3(b) and 3(d) where the squeezing is pronounced in
Fig. 3(b) resulting from the effect of the coupling λ2 on the system. Thus from the above analysis it is
concluded that the effect of the external classical field coupled to theN-level atom ismore pronounced
than the coupling to the 2-level atom.
7. The entropy squeezing
For an even N-dimensional Hilbert space, the investigation of the optimal entropic uncertainty
relation for sets of N + 1 complementary observables with the non-degenerate eigenvalues can be
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Fig. 3. The time evolution of variance squeezing changes as a function of the time λ1t , for fixed parameters ϑ = π/3, ϕ = 0
and Θ = π/3,Φ = 0, η = µ = 1. (a) λ2 = λ3 = 0, (b) λ2/λ1 = 0.9 and λ3/λ1 = 0, (c) λ2 = 0 and λ3/λ1 = 0.9, (d)
λ3/λ1 = λ3/λ2 = 0.9.
described by the inequality [48,49]
N+1
k=1
H(σk) ≥ N2 ln

N
2

+

1+ N
2

ln

1+ N
2

, (39)
where H(σk) represents the information entropy of the variable σk. However, it is noted that, for an
arbitrary quantum state the probability distribution for N possible outcomes of measurements of the
operator σα is Pj(σα) = 12 (1 + λ¯(σα)), α = x, y, z, and j = 1, 2, 3, . . . ,N , where λ¯ is a parameter
which takes for a two-level atomcase the value±1. The corresponding Shannon information entropies
are then defined as
H(σα) = −
N
i=1
Pi(σα) ln Pi(σα), α = x, y, z. (40)
In order to obtain the information entropies of the atomic operators σˆx, σˆy and σˆz for a two-level
spinor, we have to use the expectation value of these operators. Therefore, we can use the following
expression,
H(σα) = −12

ln

1− σ 2α
4

+ σα ln

1+ σα
1− σα

, (41)
where α = x, y, z. For a two-level atom, we have 0 ≤ H(σα) ≤ ln 2 and hence the information
entropies satisfy the inequality
H(σx)+ H(σy)+ H(σz) ≥ 2 ln 2. (42)
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Fig. 4. The time evolution of entropy squeezing changes as a function of the time λ1t , for fixed parameters ϑ = π3 , ϕ = 0 and
Θ = π3 ,Φ = 0, η = µ = 1. (a) λ2 = λ3 = 0, (b) λ2λ1 = 0.9 and
λ3
λ1
= 0, (c) λ2
λ1
= 0 and λ3
λ1
= 0.9, (d) λ2
λ1
= 0.9 and λ3
λ1
= 0.9.
In other words if we define δH(σα) = exp[H(σα)], then we can write
δH(σx)δH(σy)δH(σz) ≥ 4. (43)
It is interesting to mention that the above inequality, has been established to be optimal, for more
details one may consult Refs. [50–52]. Note that it is clear from the entropic uncertainty (39) the
fluctuations in component σˆα (α = x or y) of the atomic dipole are said to be squeezed in entropy if
the information entropy H(σα) of σα satisfies the condition,
E(σα) = δH(σα)− 2√
δH(σz)
< 0, where α = x, y. (44)
This definition for the entropy squeezingwould help us to discuss this phenomenon for the present
system. To do so we have plotted several figures of the entropy squeezing E(σx), E(σy) against the
scaled time λ1t for the same value of the parameters as Eq. (4).
In Fig. 4 we have fixed the value of η = µ = 1, and considered in Fig. 4(a) the case in which
λ2 = λ3 = 0. In this case, we observe the squeezing phenomenon occurring regularly in both the
quadratures E(σx) and E(σy) as observed, however it starts first in the quadrature E(σx). It is also
noted that there are rapid fluctuations in both quadratures which get pronounced in E(σy) after long
period of time (in absence of the squeezing).Whenwe take the parameterλ2 into accountλ2/λ1 = 0.9
and λ3 = 0, we see that the squeezing occurs several times in the two quadratures E(σx) and E(σy)
where its maximum amount (minimum value of the function) occurs approximately periodic in the
considered time. On the other hand we see the squeezing is strongly occurring several times with
rapid oscillations. Also we may refer to the regular fluctuations in all quadratures and the patterns
interference which is more pronounced in the entropy squeezing factors E(σx,y) than for the variance
squeezing V (σx,y) see Fig. 3(b) compared with Fig. 4(b).
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As soon as we take the parameter λ3 into consideration and adjust λ2 = 0 and λ3/λ1 = 0.9,
one can see that the regions of squeezing decreased compared with the previous case, while there
is squeezing in the quadrature E(σy) at two regions. The entropy squeezing factors in this case also
acquire squeezing, however with amounts less than the first case see Figs. 4(a) and 4(c). In the final
case we consider λ2/λ1 = λ3/λ1 = 0.9, where we note that for squeezing alternate periodically in
Fig. 4(d). In the meantime it is noted that as the parameters λ2, λ3 increase more fluctuations built
up, with a slight shifting down in the quadratures E(σx) and E(σy). This can be realized by making a
comparison between the present case and previous case, see Fig. 4(c).
8. Conclusion
In the present communication we have introduced the problem of the interaction between three
N-level atom and two-level atom. Under a certain condition of the Heisenberg chain the Hamiltonian
model can be obtained. Two canonical transformations are used to remove two coupling parameters
and hence we have managed to deal with the Hamiltonian model. The time-dependent evolution
operator is used to derive the wave function which enabled us to calculate the expectation value
for some dynamical operators. For instance we discussed the phenomenon of collapses and revivals
through the atomic inversion where we realized that the coupling λ2 shifts up the collapse period
while λ3 shifts it up and down. Furthermore we noted that in presence of λ2 and absence of λ3 the
amplitude of the function after onset of interaction ismorewider than the opposite case. The degree of
entanglement is examined and it is found that the system is too sensitive to the variation of the atomic
angle. Finally we considered the phenomenon of squeezing where two different kinds of squeezing
are introduced (variance and entropy squeezing). It has been shown that both couplings are effective
on this phenomenon andλ2 displays amount of squeezingmore than the amount ofλ3, whereλ3 gives
longer periods of squeezing while λ2 increases the oscillations. Investigation in this article would lead
itself to discuss these phenomena in Heisenberg chains, quantum dots and star-like systems.
Acknowledgments
M.S. Abdalla extends his appreciation to the Deanship of Scientific Research at KSU for funding the
work through the research group project No.PRG/1436/22. The authorswould like to thank the referee
for his/her comments that resulted in a good presentation of the paper.
References
[1] M.S. Abdalla, S.S. Hassan, A.-S.F. Obada, Phys. Rev. A 34 (1986) 4869.
[2] M.S. Abdalla, Phys. Rev. A 35 (1987) 4160.
[3] M.S. Abdalla, IL Nuovo Cimento B 101 (1988) 267.
[4] M.S. Abdalla, R.K. Colegrave, A.A. Selim, Physica A 51 (1988) 467.
[5] M.S. Abdalla, Phys. Rev. A 37 (1988) 4026.
[6] M.S. Abdalla, M.M.A. Ahmed, A.-S.F. Obada, Physica A 170 (1991) 393.
[7] M.S. Abdalla, M.M.A. Ahmed, A.-S.F. Obada, Physica A 162 (1990) 215.
[8] M. Abdel-Aty, M.S. Abdalla, A.-S.F. Obada, J. Phys. A: Math. Gen. 34 (2001) 9129.
[9] M. Abdel-Aty, M. Sebawe Abdalla, Physica A 307 (2002) 437.
[10] M. Abdel-Aty, M.S. Abdalla, A.-S.F. Obada, J. Opt. Quantum Semiclass. B 4 (2002) 134.
[11] M. Abdel-Aty, M.S. Abdalla, A.-S.F. Obada, J. Opt. Quantum Semiclass. B 4 (2002) S133.
[12] M.S. Abdalla, A.S.-F. Obada, E.M. Khalil, Opt. Commun. 285 (2012) 1283.
[13] M.S. Abdalla, E. Lashin, G. Sadiek, J. Phys. B 41 (2008) 015502.
[14] G. Sadiek, E. Lashin, M.S. Abdalla, Physcia B 404 (2009) 1719.
[15] M.S. Abdalla, M.M.A. Ahmed, Opt. Commun. 285 (2012) 3578.
[16] S. Lashien, G. Sadiek, M.S. Abdalla, Elham Aldufeery, Appl. Math. Inf. 8 (2014) 1071.
[17] M.S. Abdalla, A.S.-F. Obada, E.M. Khalil, M.M.A. Ahmed, Laser Phys. 24 (2014) 105205.
[18] M.S. Abdalla, M.M.A. Ahmed, A.S.-F. Obada, Laser Phys. 25 (2015) 065204.
[19] M.S. Abdalla, M.M.A. Ahamed, J. Phys. B: At. Mol. Opt. Phys. 43 (2010) 155503.
[20] M.S. Abdalla, E.M. Khalil, Phys. Scr. 84 (2011) 045010.
[21] Eyob A. Sete, Anatoly A. Svidzinsky, Hichem Eleuch, Z. Yang, Robert D. Nevels, Marlan O. Scully, J. Modern Opt. 57 (2010)
1311.
[22] H. Eleuch, N. Ben Nessib, R. Bennaceur, Eur. Phys. J. D 29 (2004) 391.
[23] H. Eleuch, R. Bennaceur, J. Opt. A: Pure Appl. Opt. 5 (2003) 528.
M.S. Abdalla et al. / Annals of Physics 364 (2016) 168–181 181
[24] H. Jabri, H. Eleuch, T. Djerad, Laser Phys. Lett. 2 (5) (2005) 253.
[25] C.H. Bennett, D.P. DiVincenzo, Nature 404 (2000) 247.
[26] M.A. Nielsen, I.L. Chuang, Quantum Computation and Quantum Information, Cambridge University press, Cambridge,
2000.
[27] M.B. Plenio, V. Vedral, Contemp. Phys. 39 (1998) 431.
[28] M.P. Hanson, A.C. Gossard, Nature 435 (2005) 925.
[29] A.C. Johnson, J.R. Petta, J.M. Taylor, A. Yacoby, M.D. Lukin, C.M. Marcus, M.P. Hanson, A.C. Gossard, Nature 435 (2005) 925.
[30] F.H.L. Koppens, J.A. Folk, J.M. Elzerman, R. Hanson, L.H. Willems van Beveren, I.T. Vink, H.P. Tranitz, W. Wegscheider, L.P.
Kouwenhoven, L.M.K. Vandersy-pen, Science 309 (2005) 1346.
[31] J.R. Petta, A.C. Johnson, J.M. Taylor, E.A. Laird, A. Yacoby, M.D. Lukin, C.M. Marcus, M.P. Hanson, A.C. Gossard, Science 309
(2005) 2180.
[32] M. Blaauboer, D.P. Di Vincenzo, Phys. Rev. Lett. 95 (2005) 160402.
[33] J.Q. Liang, G.-F. Zhang, Q.-W. Yan, Eur. Phys. J. D 32 (2005) 409.
[34] C.F. Destefani, S.E. Ulloa, G.E. Marques, Phys. Rev. B 70 (2004) 205315.
[35] R.N. Deb, M.S. Abdalla, S.S. Hassan, N. Nayak, Phys. Rev. A 73 (2006) 053817.
[36] D. Loss, D.P. Di Vincenzo, Phys. Rev. A 57 (1998) 120.
[37] G. Burkard, D. Loss, D.P. DiVincenzo, Phys. Rev. B 59 (1999) 2070.
[38] B.E. Kane, Nature 393 (1998) 133.
[39] A. Sorensen, L.-M. Duan, J.I. Cirac, P. Zoller, Nature 409 (2001) 63.
[40] W.M. Liu, W.B. Fan, W.M. Zheng, J.Q. Liang, S.T. Chui, Phys. Rev. Lett. 88 (2002) 170408.
[41] P. Meystre, D.F. Walls (Eds.), See Selected Papers on Nonclassical Effect in Quantum Optics, AIP, New York, 1991.
[42] M.O. Scully, M.S. Zubairy, Quantum Optics, Cambridge University Press, Cambridge, 2001.
[43] G. Rempe, H. Walther, Phys. Rev. Lett. 58 (1987) 353.
[44] F. Rojas, E. Cota, S.E. Ulloa, Phys. Rev. B 66 (2002) 235305.
[45] R.M. Angelo, K. Furuya, M.C. Nemes, G.Q. Pellegrino, Phys. Rev. A 64 (2001) 043801.
[46] R. Loudon, P.L. Knight, J. Modern Opt. 34 (1987) 709.
[47] A. Orłowski, Phys. Rev. A 56 (1997) 2545.
[48] E. Majernikova, V. Majernik, S. Shpyrko, Eur. Phys. J. B 38 (2004) 25.
[49] X.-P. Liao, M.F. Fang, Physica A 332 (2004) 176.
[50] J. Sanchez-Ruiz, Phys. Lett. A 201 (1995) 125.
[51] J. Sanchez-Ruiz, Phys. Lett. A 244 (1998) 189.
[52] Gian Carlo Ghirardi, L. Marinatto, R. Romano, Phys. Lett. A 317 (2003) 32.
